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We solve the in-medium T-matrix equation at nite tem-
perature including the o-shell propagation of nucleons. In
this way a self-consistent spectral function for the nucleons is
obtained. The results are compared to a calculation using the
quasiparticle approximation in the T-matrix equation. Also




The calculation of properties of a strongly interact-
ing many-body system, is a challenging problem. Many
eorts have been devoted to calculations of the nuclear
matter properties, both at zero and at nite temperature.
Most of those studies have been restricted to the quasi-
particle approximation. The quasiparticle approximation
can be justied in the vicinity of the Fermi energy at
zero temperature [1]. Explicit calculation show that the
width of the spectral function approaches zero when the
energy approaches the Fermi energy and the temperature
tends to zero [2]. However the knowledge of the whole
spectral function is needed for a self-consistent Brueck-
ner or Galitskii-Feynman calculation. Moreover at larger
temperatures there is no region in the momentum space
where the Pauli blocking reduces the scattering width.
If one wants to address the dynamics of heavy ion colli-
sions at energies of a few hundreds of MeV per nucleon
the knowledge of eective cross sections in dense and ex-
cited nuclear nuclear matter is needed. The calculation
of the in-medium T-matrix (or the Brueckner G-matrix)
gives an estimate of this cross section [3]. The calculation
of the in-medium cross section (at equilibrium) can and
should take into account the o-shell propagation of the
nucleons. The o-shell propagation of scattering nucle-
ons changes quantitatively the value of the cross section
and in the case of soft emission it changes also its quali-
tative behavior [4,5].
The existing calculations of the nuclear spectral func-
tions assume a quasiparticle approximations in the sum-
mation of the ladder diagrams [6,2,7{11]. From the
knowledge of the T matrix (in the Galitskii-Feynman
equations) or the G matrix (in the Brueckner equations)
the imaginary part of the one-particle self-energy can be
calculated [12{14]. However, it has been noted already
several years ago, that calculations of the self-energy
in the Born approximation using a semiclassical colli-
sion term and a quantum collision term with o-shell
propagators give dierent results [15]. The semiclassical
one-particle width being generally larger than the self-
consistent quantum one. Clearly the spectral functions
obtained in the quasiparticle approximation should be
checked in a self-consistent calculation with in-medium
o-shell nucleon propagators.
A spectral function obtained in a self-consistent way
would provide very important information about nuclear
matter and its behavior both at zero and at nite tem-
peratures. We could mention in this respect the elec-
tron scattering on nuclei [16], the subthreshold particle
production [17,18], the calculation of in-medium eec-
tive cross sections [3], the backward scattering [19] and
of course a self consistent calculation of the saturation en-
ergy and the properties of the nuclear matter [6,2,7{9,11].
In the last example the spectral function is needed not
only for the o-shell propagation of nucleons in the ladder
diagrams. It enters also in the calculation of the Hartree-
Fock energy (through the calculation of the momentum
distribution in an interacting system) and the dispersive
contribution to the real part of the self-energy. The need
for a self-consistent calculation was of course recognized,
but real calculation have not been performed, except for
restricted kinematical conditions [20]. Only very recently
the o-shell nucleon propagation and scattering were ad-
dressed [21].
In this work we present an exploratory self-consistent
calculation of the nucleon spectral function at nite tem-
perature in the T-matrix approximation. In the nuclear
matter the T-matrix approximation leads to pairing tran-
sition at low temperatures [11,10,9]. We do not intend
to address here the superfluity transition at low temper-
atures. This means of course that we stay at temper-
atures above the pairing transition. The formalism to
treat the pairing in the T-matrix approximation is still
missing both in the quasiparticle as well as in the self-
consistent version [10,11]. It should be pointed out that
similar self-consistent calculations can be also performed




In the present work we use the real-time Green’s func-
tions formalism [12{14], which we found very suitable for
calculations at nite temperature in the Born approxima-
tion [5]. In equilibrium the Green’s functions are dened
by the spectral function :
G<(p; !) = if(!)A(p; !)






is the Fermi distribution and the spectral function A is
A(p; !) = −2ImG+(p; !) : (3)
G denote the retarded(advanced) Green’s function.




(! − p2=2m− Re+(p; !))2 + Γ(p; !)2=4 ;
(4)
where
Γ(p; !) = −2Im+(p; !) : (5)
In order to reach a consistent approximation scheme we
have to calculate the retarded self-energy + using the
one-particle Green’s functions G. In a previous work we
have calculated the self-energy in the Born approxima-
tion [5]. Below we address the calculation in the more
complicated T-matrix approximation [12{14]. This ap-
proximation takes into account the two-body correlations
and thus becomes exact in a dilute system, but is not re-
stricted to zero or low temperatures as the Brueckner
approximation. The nuclear matter at normal nuclear
density is not a dilute interacting system and correction
from three body correlation are probably non-negligible.
However, the T-matrix ladder resummation in-medium
represents a serious improvement over the Born approx-
imation and gives good approximations for one-particle
properties of the system.
The T-matrix (Fig. 1) for a system with a two-body
interaction V (p;p
′
) is dened as [12{14] :







V (p;k) < kjG(P; !)jq >< qjT(P; !)jp′ > ; (6)
where the disconnected two-particle propagator is :








G<(P=2 + p; ! − !′)G<(P=2 − p; !′)




Ω − !  i

: (7)
Taking in the above expression only the particle-particle
propagator (the G>G> factor) results in the Brueckner
approximation. At this point the quasiparticle approxi-
mation is usually made
A(p; !) = 2Z(! − !p) ; (8)














Performing the calculations in the framework of the
quasiparticle approximation we shall put however Z = 1
as has been done in many works [10,8,7]. This results in
the on-shell two particle propagator
< kjG(P; Ω)jk′ >= (2)33(k − k′)
1 − f(!p1) − f(!p2)
Ω − !p1 − !p2  i
; (11)
with p1,2 = P=2  k. Within the quasiparticle approxi-
mation the T-matrix equation takes the familiar form





1 − f(!p1) − f(!p2)
! − !p1 − !p2  i
< kjT(P; !)jp′ > : (12)
We are using an angular averaged two particle propaga-
tor G both in the the self-consistent equation (6) and
in its quasiparticle counterpart (12). This standard ap-
proximation for in-medium calculation allows to perform
a partial wave expansion of the T-matrix.
The o-shell propagation of nucleons means that the
spectral function is not sharply peaked around !p, also it
cannot be approximated by putting a frequency indepen-
dent width Γ(p) in Eq. (4). This implies that the two fre-
quency integrals in (7) have to be done numerically. The
two particle o-shell propagator G can then be used to
calculate the T-matrix using (6). The equation for the
T-matrix is an integral equation, but in the present work
we use a separable potential and the solution of Eq. (6)
is trivial. However we make no simplifying assumptions
concerning the one-particle spectral functions, so that
the intermediate two particle propagator G takes into




FIG. 1. a) Diagrammatic representation of the self-energy
in the T-matrix approximation. The self-energy represented
in the diagram a) leads to Eqs. (13) and (16).
b) Diagrammatic representation of the T-matrix equation (6).
The thin lines represent the noninteracting fermion propaga-
tors, the thick lines are interacting o-shell propagators and
the wavy lines denote the interaction potential. In the quasi-
particle approximation the in-medium o-shell propagator is
replaced by the on-shell propagator in the intermediate states
in the T-matrix equation and in the loops of the self-energy
diagrams.
The imaginary part of the self-energy can on its turn









< (p− k)=2jImT +(p + k; Ω + !)j(p− k)=2 >A
f(!) + g(! + Ω)

; (13)




e(ω−2µ)/T − 1 (14)
is the Bose distribution. The relation (13) is true at equi-
librium. The explicit expressions for the self-energies in
the partial wave expansion of the T-matrix can be found
e.g. in [22]. Again in the quasiparticle approximation






f(!k) + g(!k + Ω)

< (p− k)=2jImT +(p + k; Ω + !k)j(p− k)=2 >A : (15)
The real part of the self-energy can be obtained using the
dispersion relation








! − !′ ; (16)
where the Hartree-Fock energy is given by







V ((p− k)=2; (p− k)=2)A
G<(k; !) (17)





V ((p − k)=2; (p− k)=2)Af(!k) :
(18)
The set of equations (4), (6), (13) and (16) must be
solved self-consistently. The numerical solution of this
set of equations is done by iteration starting with a spec-
tral function with nite, constant width and with the
Hartree-Fock part of Re+. Then the T-matrix is calcu-
lated from Eq. (6) and the result is used to obtain the
imaginary part of the self-energy from (13). The itera-
tions are performed until the self-energy becomes stable.
Typically around 10 iterations are needed if the starting
values of the Fermi energy and the initial value of the
single-particle width are of the right order of magnitude.
The quasiparticle approximation in this work means
that the T-matrix is calculated from the formula (12),
where the single-particle energies are determined by the
Hartree-Fock energy (18). The T-matrix in the quasipar-
ticle approximation is then used to calculate the imagi-
nary part of the self-energy (Eq. 13). The quasiparticle
approximation can be improved by calculating the dis-
persive contribution to the real part of the self-energy
(second term in Eq. (16)) [23,11,2,7]. Thus the single-
particle energies are modied and the scheme must be
iterated until the real part of the self-energy stabilizes.
This is however still not a self-consistent scheme since
the imaginary part of the self-energy is neglected in the
calculation of the T-matrix.
III. SELF-CONSISTENT SPECTRAL FUNCTION
In this section we present the numerical results for the
in-medium T-matrix and the nucleon self-energy in the
self-consistent calculation and in the quasiparticle ap-
proximation. The calculations are performed in a very














; γ = 285:9MeV (20)
with the same strength α of the attractive potentials
as used in [10]. This allows us to relate our results to
alternative calculations using the quasi-particle approxi-
mation without using a realistic but complicated interac-
tion. We have used a kinematical limit in the momentum
integrations, limiting the momentum of any nucleon to
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FIG. 2. The imaginary part of the retarded self-energy
as a function of energy for p = 0 at normal nuclear den-
sity and at dierent temperatures. The solid lines denote
the self-consistent self-energies and the dashed-dotted lines
denote the results of the quasiparticle approximation. For
T = 10 MeV the dotted line denotes the result when taking
the Hartree-Fock energy as the real part of the self-energy
and a constant width of the spectral function of 6 MeV. The
dashed line denotes the result of taking the self-consistent real
part of the self-energy but a constant width of 6 MeV in the
imaginary part of the self-energy.
The eect of the cuto in the free scattering changes
the bounding energy of the deuteron to 2:1 MeV. The
energy integrals were performed in the range j!j < 2400
MeV with the smallest grid spacing 1:75 MeV at low tem-
perature or for calculations using a preset small single-
particle width. In the present version of the calculation
we assumed that for all momenta the width of the nucleon
spectral functions is suciently large so that a direct inte-
gration in energies is possible. This limits the calculation
to nonzero temperatures, since as small temperatures the
single-particle width approaches zero at the Fermi energy
like T 2. Obviously, another limitation comes from the ap-
pearance of the pairing instability at small temperatures
in the T-matrix scheme. In practice the lowest possible
temperature (using only the S wave interaction) that we
could get stable iterations for is 8 MeV. It is still sig-
nicantly above the critical temperature for the pairing
transition, which is around 4 MeV in the quasiparticle
approximation with the assumed interaction [10]. How-
ever the single-particle width obtained at T = 8 MeV
approaches the spacing grid at the limits of the kinemat-
ical region (due to the limitation to S waves) and near
the Fermi momentum (an expected property of an inter-
acting Fermi gas). All the in-medium calculation here
presented have been performed at normal nuclear den-
sity.
It is easy to notice that the generalization of the T-
matrix calculation to include o-shell intermediate nu-
cleon propagators does not change qualitatively the fact
that a pairing instability appears at some critical temper-
ature. The imaginary part of the T-matrix with o-shell
propagators also vanishes at ! = 2 and at some tem-
perature a pole appears in the real part of the T-matrix.
As mentioned above we could not study numerically the
vicinity of the critical temperature in the self-consistent
calculation.
In Fig. 2 the imaginary part of the self-energy at zero
momentum is given for dierent temperatures as a func-
tion of energy. In all the cases the self-consistent re-
sults are very dierent from the quasiparticle approxima-
tion. The self-consistent self-energies having generally a
smaller imaginary part. As the temperature is lowered
more structure is visible in the self-energy. Beyond the
minimum at the Fermi energy ( ’ −21 MeV at T = 10
MeV) a second maximum appears around the energy
2−!0, both in the self-consistent and in the quasiparti-
cle approximation. In Fig. 2 for T = 20 MeV the dashed
line represents the imaginary part of the self-energy ob-
tained using the same real part of the self-energy as in
the self-consistent solution but with the imaginary part
of the self-energy xed at 6 MeV. The small width of
the spectral function mimics in that case the  function
of the spectral function in the quasi-particle approxima-
tion. The resulting Im+ is again very dierent from
the self-consistent solution. It proves that it is not suf-
cient to take into account the correct real part of the
self-energy (the same as in the self-consistent solution)
and neglect the imaginary part of the self-energy. The
full spectral function for the nucleon with momentum and
frequency dependent single-particle width must be taken
for the intermediate propagators in the T-matrix equa-
tion (6). For T = 20 MeV we plot also the result obtained
by taking only the Hartree-Fock self-energy for the real
part of the self-energy, i.e. the same as in the quasipar-
ticle approximation and a constant width in the spectral
function of 6 MeV. The result is very close to the one ob-
tained in the quasiparticle approximation, meaning that
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a spectral function of width 6 MeV can be approximated
by a  function. However, the true spectral function is
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FIG. 3. The nucleon spectral function as a function of en-
ergy at normal nuclear density and at T = 10 MeV for three
dierent momenta. The solid and the dashed lines denote the
self-consistent and the quasiparticle approximations results
respectively.
The dierences in the imaginary part of the self-energy
lead to signicant dierences in the spectral function. In
Fig. 3 the spectral functions are plotted for the quasipar-
ticle and the self-consistent calculations. These results
demonstrate that the nucleon spectral function cannot
be calculated in the quasiparticle approximation. The
position of the quasiparticle pick is dierent in the two
calculation. It is due to dierences in the real part of
the self-energy. The Hartree-Fock energies are slightly
dierent because of dierent momentum distributions.
Also the dispersive contribution to the real part of the
self-energy are dierent because they originate from very
dierent imaginary parts of the self-energies in the two
calculations. However, not only the positions of the picks
in the spectral functions are dierent, also their widths
and shapes are dierent. Improvements on the calcula-
tion of the real part of the self-energy will not lead to a
correct spectral function as long as the proper width of
the intermediate propagators in the T-matrix equation is
not taken into account, giving the correct self-consistent

















FIG. 4. The imaginary part of the retarded self-energy at
the quasiparticle pole as a function of momentum at normal
nuclear density. All the results are for the self-consistent cal-
culation. The solid, dashed and dotted line represent Im+




























FIG. 5. The Hartree-Fock energy (upper panel) and the
real part of the retarded self-energy on shell (lower panel) as
functions of momentum at normal nuclear density and at tem-
peratures of 20 MeV (solid lines) and 8 MeV (dashed lines).
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In Fig. 4 the imaginary part of the self-energy at the
quasiparticle pole as a function of momentum is given.
The decrease of the single-particle width with the tem-
perature and a minimum around the Fermi energy can
be observed. In Fig. 5 the Hartree-Fock energy and
the complete real part of the self-energy are given at the
quasiparticle pole as a function of momentum. The be-
havior of the real part of the self-energy at the temper-
atures studied is relatively smooth. Only at the lowest
temperature T = 8 MeV a wiggle starts to appear sim-
ilar to the one observed in [10]. The momentum dis-
tributions are more diuse for o-shell nucleons, leading
to smoother dependence of the Hartree-Fock energy on


















FIG. 6. The imaginary part of the retarded self-energy as
function of energy for p = 0 at normal nuclear density and
T = 4.1 MeV. The solid line denotes the quasiparticle approx-
imation and the dashed, dotted and dashed-dotted lines rep-
resent the results obtained using a xed single-particle width
of 6, 15 and 40 MeV respectively.
To close this section we would like to make one obser-
vation concerning the behavior of the self-energy around
the pairing transition. At the critical temperature of the
pairing transition a pole appears in the T-matrix for pairs
with zero total momentum both in the self-consistent and
in the quasiparticle calculations. In the quasiparticle ap-
proximation it leads to a singularity in the imaginary
part of the self-energy [10]. In the calculation of the self-
energy using the o-shell propagators (13) there is one
more energy integration which washes out this singular-
ity. As an illustration we show in Fig. 6 the imaginary
part of the self-energy at T = 4:1 MeV in the quasi-
particle approximation, compared to results obtained us-
ing a xed width of the spectral function and the same
Hartree-Fock energy as in the quasi-particle calculation.
We observe that the singularity which starts to build up
at T = 4:1 MeV in the quasi-particle approximation is no
longer present if nite widths of propagators are taken.
Note that it is the o-shellness of the propagator in the
calculation of the self-energy (13) not in the T-matrix
equation, which causes the singularity in Im+ to disap-
pear.
IV. IN-MEDIUM CROSS SECTIONS
The modeling of the nonequilibrium evolution in a
heavy ion reaction by semiclassical transport models re-
quires the knowledge of the in-medium cross section. For
nucleons on-shell one can dene the scattering cross sec-
tions similarly as in vacuum, but using an eective mass
[3]. If the nucleons are o-shell the denition of the cross
section must be modied because the outgoing waves are
localized in space [21]. In this section we will use a sim-
plistic view of the scattering cross section as a parameter
in the semiclassical collision integral. The applicability
of the quasiparticle approximations in the description of
the nonequilibrium dynamics is questionable if the equi-
librium calculations indicates the need for self-consistent
o-shell calculations. However, in order for the complex
dynamical evolution to be tractable we have to restrict
ourselves to quasiparticle transport models of heavy ion
collisions. One can however take into account in-medium
modications of the eective cross sections. In particular
when calculating the in-medium cross sections at equilib-
rium one can take into account the full propagators in the
ladder diagrams.
The semiclassical collision term for a nucleon of mo-















(2)43(p1 + p2 − p3 − p4)(!1 + !2 − !3 − !4) < kjT +(P; !1 + !2)jk′ >A 2
A(p1; !1)A(p2; !2)A(p3; !3)
f(1 − f(p1; !1)(1 − f(p2; !2)f(p3; !3)f(p4; !4)
−f(p1; !1)f(p2; !2)
(
1 − f(p3; !3)
(
1 − f(p4; !4)
g : (21)
where P = p1 + p2, k = (p1 − p2)=2, k′ = (p3 − p4)=2.
When putting the scattering particles on-shell and inte-
grating over the angle1 we can dene an eective cross




















is the eective mass. The sign h: : :iΩ denotes the averag-























FIG. 7. The in-medium cross sections for the scattering of
on-shell quasiparticles with zero total momentum as functions
of the c.m. momentum at three dierent temperatures and at
normal nuclear density. The dashed-dotted and the dashed
lines denote the n-p and the n-n cross sections respectively
calculated with the self-consistent in-medium T-matrix. The
solid lines denote the corresponding in-medium cross sections
calculated with the T-matrix in the quasiparticle approxi-
mation and the dotted lines represent the corresponding free
cross sections.
For the T-matrix in the quasiparticle approximation we
can use the optical theorem to get
(P; k) = −M
(P; k)
k
< kjImT +(P; !p1 + !p2)jk >A
h1 − f(!p1) − f(!p2)iΩ
: (25)
However for the self-consistent T-matrix with o-shell
propagators the optical theorem is more complicated and
it is easier to use directly Eq. (24) to calculate the cross
section.
In Fig. 7 are presented the results for the n-p and
n-n cross sections. The in-medium cross sections cal-
culated with the self-consistent T-matrix are generally
larger than the cross sections obtained in the framework
of the quasiparticle approximation. Only part of the dif-
ference can be explained by a factor originating in the
dierence in the eective masses in the two calculations.
Both cross sections present a resonance-like pick in the n-
p scattering related to the pairing resonance (above Tc).
These kind of structures in the energy dependence of the
cross sections do not influence the evolution of the sys-
tem, since the cross sections are always integrated over
momentum [25]. However, the overall average cross sec-
tions in Fig. 7 are dierent and could lead to dierent
transport properties in the collision. Before denite con-
clusions can be drawn calculations should be repeated
with a realistic interaction.
V. CONCLUSIONS
We have presented a self-consistent calculation of the
in-medium T-matrix. The intermediate propagators in
the T-matrix equation are full o-shell propagators. Both
the real and imaginary part of the self-energy in these
propagators have been obtained consistently from the T-
matrix. The coupled system of equation was solved by it-
eration for the case of a simple separable interaction. The
results were compared to a calculation using the quasi-
particle approximation for the intermediate propagators
in the T-matrix equation.
The imaginary parts of the self-energies and the spec-
tral functions obtained in the two calculations are very
dierent. One cannot calculate reliably the spectral
functions without using consistently the same spectral
function through the whole approximation scheme. The
width of the self-consistent spectral function is gener-
ally smaller than its quasiparticle estimates. The self-
consistent T-matrix also presents a pairing instability at
some critical temperature. However in the vicinity of the
critical temperature the self-consistent iteration proce-
dure cannot be performed numerically.
We have calculated the corresponding in-medium cross
sections in the two approximations. The obtained cross
sections are dierent and indicate that a self-consistent
resummation of the ladder diagrams may be important
for a correct estimation of transport properties of the
nuclear matter at nite temperature.
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The spectral functions are very sensitive to approxi-
mations on the imaginary part of the propagators in the
T-matrix equation. In the present work we have demon-
strated both the necessity and the feasibility of a full self-
consistent ladder diagram resummation when calculating
the spectral functions in the nuclear matter at nite tem-
perature. The method here presented could also be ap-
plied to Brueckner type calculations. Before applying
the iteration procedure to zero or low temperature, an
explicit method of energy integration for quasiparticles
around the Fermi energy must be implemented. Simi-
lar methods must be used to overcome the limitations
in the momenta of nucleons due to the cuto. Nucleons
with large momenta are important for the description of
short range correlations. Since generally the width of the
spectral function is smaller at low temperature, one can
expect that the eect of the o-shell nucleon propagation
would be less dramatic at zero temperature.
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